This paper introduces approximate time domain solutions to the otherwise nonintegrable double-stance dynamics of the "bipedal" Spring-loaded Inverted Pendulum (B-SLIP) in the presence of non-negligible damping. We first introduce an auxiliary system whose behavior under certain conditions is approximately equivalent to the B-SLIP in double-stance. Then, we derive approximate solutions to the dynamics of the new system following two different methods: (i) Updated-momentum approach that can deal with both the lossy and lossless B-SLIP models, and (ii) Perturbation-based approach following which we only derive a solution to the lossless case. The prediction performance of each method is characterized via a comprehensive numerical analysis. The derived representations are computationally very efficient compared to numerical integrations, and, hence, are suitable for online planning, increasing the autonomy of walking robots. Two application examples of walking gait control are presented.
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Introduction
Legged animals and humans are able to traverse most of the landmasses on the earth [1] . This unique mobility feature has attracted a large body of research both in biomechanics (to gain a better understanding of legged locomotion), and robotics (to design and control more efficient bio-inspired and bio-mimetic robots). The usefulness of such legged robots, hence, depends on the scientific and technological advances in those areas of research.
Understanding the underlying principles of legged locomotion that leads to the design, construction, and control of legged robots is challenging [2] . This is due to the complexities introduced by the intrinsic upright instability and the hybrid nature of legged locomotion. As such, researchers typically consider simplified (abstract) representations, that capture only the essential characteristics of the system under study. A noteworthy formal definition of this idea is the notion of template and anchor introduced by Full and Koditschek [3] .
Following this definition, the Spring-loaded Inverted Pendulum (SLIP), which was first recognized in biomechanics as a good descriptive model of animals' hopping and running [4, 5] , can be interpreted as a template for the running gait [6] . Starting with Raiberts' hoppers [1] , which were based on an intuitive exploitation of SLIP behaviors, a number of dynamic robots have been introduced (e.g., [7, 8, 9, 10, 11] ). Some of these robots were designed with no SLIP-like morphologies; however, they use SLIP as their target dynamics in the control calculations, extending the utility of SLIP to a broader scope.
Recently, Geyer et al. [12] studied the potential of describing the walking gait with compliant legs on the "bipedal" SLIP (B-SLIP) model. Contrary to the classical inverted pendulum, which is a widely-used template for the class of walkers that are referred to as limit cycle walking robots [13] , the B-SLIP is able to model non-instantaneous double-stance (DS) phases. Moreover, the ground reaction forces produced in the B-SLIP are closer to the human data reported in [12] . Subsequently, the idea of realizing dynamic walking has been studied both on the B-SLIP model itself [14, 15] , and on more complex robot models through the embedding of B-SLIP behaviors [16, 17, 18, 19] , showing the need for further investigations.
One potential benefit of designing a robot controller based on a template model such as SLIP is the ability to perform online planning. This is a crucial requirement for robust and reliable reactions of autonomous robots negotiating unexpected situations. Here, an analytical approach to the system dynamics seems useful since numerical integration of the equations of motion for most legged robots is not preferable due to its time-consuming nature 4 . Indeed, an (approximate) analytic solution of the SLIP dynamics is evaluated at least 250 times faster than the corresponding numerical solution, as discussed in [20] . An analytical approach could also be useful in analytically deriving the associated Jacobian matrix, which is an important tool for subsequent computations.
Unfortunately, it is known that the exact analytical time-domain solution to the SLIP equations of motion in the stance phase is not available. For the single-stance (SS) phase, however, a number of analytical approximations have been proposed [21, 22, 23, 24, 25, 26] . In particular, the method presented in [26] , which is inspired by [23] , can effectively represent the SLIP dynamics even in the presence of non-negligible damping. Recently, the effectiveness of this method has also been supported by an experimental validation in [27] .
We have recently introduced the first approximation to the DS dynamics of the lossless B-SLIP model [28] . The predictive power of the proposed map was investigated through a numerical error analysis, corroborating its effectiveness.
However, assuming such an ideal lossless model limits the direct application of the results to real robotic systems, in which energy dissipation via damping is inevitable. Moreover, although the proposed solution is computationally much more efficient than numerical integration, it embodies a two-step iterative form, affecting its practicality for parametric analysis.
The main goal of the present study is to address these two issues. We derive a complete approximate solution to the DS dynamics of the lossy B-SLIP model, in which the effect of non-negligible damping is explicitly accounted for. At the core of the solution is the idea of approximating the B-SLIP trajectories in the DS phase (depicted in Figure 1a ) by those of an auxiliary system, which we refer to as the lossy Axial-Torsional SLIP (AT-SLIP) (see Figure 1b) . We determine conditions and parameter combinations under which the two systems are approximately equivalent. The significance of the AT-SLIP model is in its relatively simple structure that facilitates the process of approximation. When the two systems are approximately equivalent, any solution we derive to the AT-SLIP dynamics also qualifies as a solution to the B-SLIP dynamics in DS phase. In deriving the approximate solution to the lossy AT-SLIP dynamics, we are primarily motivated by the approach proposed in [23] and extended in [26] , namely the Updated-momentum (UM) approach. However, substantial extensions have been made due to additional complexities introduced by the torsional spring and damper elements.
For the lossless DS phase, we revisited our previous results [28] by taking a different approach, namely the Perturbation-based (PB) approach, wherein we compute the approximations in a single step. Although the new approximations seem more complicated, they are suitable for functional analysis as there is no need for an extra iteration in the calculations. Nevertheless, both the previous two-step and the new single-step approximation methods yield sufficiently accurate predictions of system trajectories.
For both solutions, a careful characterization of the approximation errors is presented. The predictive power is assessed via an extensive numerical analysis, which simulates highly non-symmetric trajectories in the presence of nonnegligible damping, with initial conditions that cover reasonable domains of the B-SLIP motion.
The obtained approximate solutions can be useful in various fields of study, including planing and control for bio-inspired legged robots (see e.g., [18, 29, 30] ). We finally present two controllers that leverage on the predictive power and analytic simplicity of the derived solutions. The simulation results show that the analytical approach taken in this study is instrumental in designing online planners, particularly necessary for autonomous robots.
2. The SLIP model and its derivatives
The B-SLIP model
The B-SLIP model in DS configuration is depicted in Figure 1a A discrete state vector is also considered as q :
, where x h and x f are the hind and fore foot positions, respectively, α is the touchdown angle, and M ∈ {SS, DS}. The last two variables of q will be used in Section 4, wherein a complete walking cycle is treated (see Figure 3) .
The CoM equations of motion in DS in Cartesian coordinates (x, y) can be written as:
where l f and l h are the fore and hind leg length, respectively, and
is a transformation matrix.
The AT-SLIP model
As depicted in Figure 1b , the AT-SLIP consists of the same mass, m, on top of a single leg with an axial stiffness k a and damping b a . The toe is affixed to the ground at the midpoint of the fore and hind toes. A torsional spring and damper is added to the toe, with spring constant k t and viscous damping b t .
Denote by r rest and θ rest the rest length of the axial spring and the zero torque angle of the torsional spring, respectively.
The AT-SLIP CoM equations of motion in Cartesian coordinates (x, y) are as follows:
where (r, θ) is a polar coordinates system, as defined in Figure 1b , and
Equivalence of models
The aim of this section is to find a set of parameters (θ rest , r rest , k a , k t , b a , b t ), as functions of the B-SLIP parameters, with which the AT-SLIP best approximates the B-SLIP in DS. To do so, we first assume that the motion of the CoM is such that it imposes the following conditions to the AT-SLIP states:
cos θ ≈ 1.
Assumption (3) requires that the maximum compression of the axial spring is much smaller than its rest length. Assumption (4) implies that the angle spanned by the torsional spring is small with the axial spring predominantly vertical. These assumptions largely remain valid for the normal range of motions of the SLIP system, and have been commonly made in the literature (see, for example, [23] ).
When equivalent, the two systems exert the same resultant forces on the mass m for any arbitrary state (see Figure 2a) . Moreover, the spring constants leading to the equivalency in the presence and absence of damping should be the same. This follows from the fact that the spring force is conservative whereas the damping force is dissipative. Taking this into account, in the rest of this section we propose a step by step procedure for relating the parameters of AT-SLIP to those of the B-SLIP.
According to Figure 2b , the zero spring force position of the B-SLIP is a symmetric configuration. For the chosen toe position illustrated in Figure 1b , this requires that
Moreover, for the given configuration one can derive: Next, we equate (1) to (2) while setting all damping coefficients to zero and solve the resulting relation for k a and k t to yield:
with
It is clear that the resulting stiffnesses are functions of (x, y) and, hence, vary across the range of motion. However, numerical parameter estimation reveals that for the range of motion for which assumptions (3) and (4) remain largely valid, they can be approximated by specific limit values. To find a closed-form solution for the above observation, we compute the limit of k a (s, q) and k t (s, q) when x and y approach c/2 and r rest , respectively:
The resulting simple expressions also make intuitive sense. For instance, if c → 0 then r rest → l rest , thereby k a → 2k 0 and k t → 0.
Now that we have derived the expressions for k a and k t , we can equate (1) to (2), but this time in the presence of damping forces. By following a similar procedure as for the spring constants and in the sense of approximation, we eventually obtain:
In summary, for the set (θ rest , r rest , k a , k t , b a , b t ) we derived expressions (5), (6), (8), (9), (10), (11), with which the AT-SLIP approximates the dynamics of the B-SLIP in DS, provided that assumptions (3) and (4) hold.
Note that in [28] , for the case of lossless B-SLIP, we presented a different approach to find the equivalency relations. Although the obtained expressions for k a , k t and r rest are different from those derived here, they result in very similar numerical values.
Analytical solutions to the double-stance dynamics
In this section we present novel approximate solutions to the DS dynamics the same initial conditions. We begin by deriving a complete solution for the lossy AT-SLIP and then focus on the special case of lossless system by taking two different approaches.
The Updated-momentum approach for the lossy AT-SLIP
The equations of motion of AT-SLIP in Cartesian coordinates (x, y) were derived in Section 2.2. Here, we transform them into polar coordinates (r, θ) for the sake of convenience, yielding:
where p := mr 2θ is the angular momentum. The aim is to find a time domain solution for r(t) and θ(t). The set of equations (12) and (13) represents a coupled nonlinear system of ODEs whose exact analytical solution is an open problem to date. To develop a workaround solution, we make assumptions (3) and (4), similar to the studies for the SS phase (see for example [23] ), and seek a way to decouple the radial motion from the angular motion as follows.
Radial motion
Let us first apply assumption (4) in (12) and (13), leading to
Even this simplified version does not admit available analytical techniques. As such, we temporarily ignore the influence of torsional damping 5 , resulting in the conservation of the angular momentum:
thereby the angular momentum can be represented by its value at the initial condition (i.e., p ≈ p 0 := mr 2 0θ0 ). The corresponding angular velocity,θ ≈ p/(mr 2 ), is substituted into (14) to yield:
Still in this form, the equation contains the term 1/r 3 which precludes the application of standard analytical tools. Following assumption (3) and similar
to [23] , we approximate this term using a Taylor series expansion:
Substituting the first two terms into (17) yields the following equation:
To keep the presentation concise, hereon all new parameters used in the derivations are defined in Appendix A, unless otherwise specified. The above equation
is a linear inhomogeneous ODE whose solution, by setting the initial time to zero, can be determined as
Differentiation with respect to time yields the following relation for the radial velocity:ṙ
Angular motion
For the angular motion, substituteṗ = mr 2θ +2mrṙθ into (15) and rearrange it to the following form:θ
One can immediately take the integral over time from both sides:
The term 1/r 2 , with r as defined in (20) , is approximated by a Taylor series expansion:
Substituting the first two terms into (23) and computing the integrals yields the following expression for the angular velocity:
In order to derive a closed-form expression for θ(t), we need to compute the integral ofθ over time, which is not as simple. Here, we consider another approximation:
Applying this into (25) translates to:
Once again, we use an approximation of the term 1/r 2 according to (24) . Finally, integrating the resultantθ over time yields 6 :
Necessary corrections
The reduced representations (14) and (15), used as a basis for the above approximations, are only valid when the DS trajectories are symmetric. This is only the case for steady-state walking. Even for this class of trajectories, the accuracy of the derived approximations can still be improved by a correction with respect to the total energy of the system. 6 For bt sufficiently close to zero, equation (28) results in invalid values, due to the presence of bt in the denominators. According to our numerical analysis, this holds for ξ 0 < 10 −6 ,
However, for those values of ξ 0 one can safely ignore the effect of torsional damping by using the expression corresponding to bt = 0 condition.
To expand the domain of validity of our approximations to highly nonsymmetric trajectories, we introduce two correction terms that compensate for the inaccuracies in the angular momentum: (i) the gravity-correction (denoted by p g ), inspired by [31] ; (ii) a correction associated with the effect of torsional spring (denoted by p t ). The corrected angular momentum is computed as:
which replaces p in the corresponding derivations in our approximations, giving a two-iteration form to the UM method. The reset of this section presents the derivation of these correction terms.
The effect of gravitational force on the total angular momentum (p g ) can be approximately modeled as (see [31] ):
wherer is the estimated average radial movement during the time interval from t 0 = 0 to t e . This can be readily computed using (20) :
An average effect of the torsional spring on the angular momentum can be computed as:
Substituting θ from (28) results in:
The derived p g and p t are substituted in (29) to give the corrected angular momentump, with which the corresponding derivations need to be repeated.
Once the improved approximations are determined, there is still the possibility to increase the accuracy by introducing a correction with respect to the system energy. To do so, we need to derive a closed-form solution for the energy losses due to damping.
The amount of energy losses due to the axial damping of the AT-SLIP can be expressed as:
Using the derived expression (21) forṙ and calculating the integral leads to the following simple expression:
Similarly, one can obtain the following for the torsional damping of the AT-SLIP, by using (27) forθ:
Now, E b = E br + E bt accounts for the total energy losses of the AT-SLIP, which also gives an approximation of the energy lost in the DS phase of B-SLIP motion. Subsequently, this can be used to compute a corrected angular velocity at the end of DS phase (i.e., the liftoff state):
where E 0 and V e are best obtained from the original B-SLIP model:
with l i0 and l ie , i ∈ {f, h}, are the legs' length at the initial (i.e., fore leg touchdown) and the end (i.e., hind leg liftoff) states, respectively.
This completes the approximate solution proposed in this study to the dynamics of AT-SLIP system, which also qualifies as a solution to the DS dynamics of the lossy B-SLIP from any initial to any end states, including the touchdown to liftoff map. The accuracy of the presented approximations will be assessed in Section 5.
The Perturbation-based approach for the lossless AT-SLIP
The UM method, presented in the previous section, effectively approximates the dynamics of both lossy and lossless AT-SLIP models. In this section, we propose a different approach to approximate the lossless AT-SLIP which, thanks to the available tools in perturbation theory, features a straightforward form.
From the perspective of functional analysis, this is generally more effective than the UM method, in which the derivations need to be repeated once using the updated angular momentum.
Inspired by the study on the approximation of the SS map [25] and different from the previous method, we assume that the angular momentum is only conserved for the radial motion and not for the angular motion. Consequently, the radial motion equation is solved similarly to the previous method to yield the following relation:
For the angular motion, we start by substituting
into (13), with sin θ ≈ θ and b t = 0 (because of the lossless case). This will help us to translate the equation into the form suitable for perturbation techniques.
The resulting relation becomes:
To be able to use the perturbation based solution, we choose ν such that the first derivative of u disappears:
2ν/ν + 2ṙ/r = 0.
It is clear that ν = 1/r solves this equation. Substituting this into (41) yields the following relation between u and its second derivative:
To solve this equation analytically, we need to approximate the terms 1/r and 1/r 2 with r as defined in (39). By defining ε := M F/ω 2 0 and taking into consideration that ε remains close to zero (according to assumption (3)), one can obtain the following approximations:
Applying these approximations in (43) translates to the following form:
where:
Since it is assumed that ε remains close to zero, one can derive an analytical approximation for this equation using standard perturbation techniques. The solution is a power series in terms of ε:
Substituting this into (46) and balancing the terms with the same power of ε yields a series of linear time-invariant ODEs. We approximate the solution by only the first-order expansion:
Depending on the value of µ different conditions are possible:
If µ > 0:
Define λ 2 = µ, and solve (50) to yield:
The parameters c 1 and c 2 are determined by the initial conditions given in (50).
Having the solution of u 0 , one can solve (51):
Similarly, c 3 and c 4 are determined by the initial conditions specified in (51).
If µ < 0 and µ = −ω 2 0 /4:
By defining λ 2 = −µ, and following the similar procedure as before:
where N := c 2 1 + c 2 2 , and ψ := arctan(−c 1 /c 2 ). For the solution of u 0 and u 1 in especial cases µ = −ω Once u 0 and u 1 are computed, then the time domain solution of θ can be written as:
Equations (39) and (55) Concerning the lossy AT-SLIP, while the solution of ν would not be as simple, the subsequent derivations require more algebraic computations and additional simplifications. For this class of problems, we hence conclude that the proposed UM approach suits better.
The whole walking cycle
The bipedal walking gait is the composition of alternating SS and DS phases of the B-SLIP model. In the present study, we have developed an analytical approximate time domain solution for the DS dynamics of the system in the presence of non-negligible damping. For a similar solution to the SS dynamics please refer to [26] .
A complete walking step can be characterized as illustrated in Figure 3 . The vertical leg orientation (VLO) defines the start of a step. The system transitions from the first SS to DS phase by the touchdown event, when the fully stretched swing leg touches the ground with touchdown angle α. The touchdown instant therefore solves the following equation:
The system transitions back to the SS phase by the liftoff event, when the ground reaction force of the hind leg reduces to zero during decompression.
Mathematically speaking: Notice that in case of lossless B-SLIP, (57) will reduce to l h (t l ) − l rest = 0 (i.e., the system lifts off when the hind leg is fully stretched).
Solving (56) and (57) for the touchdown and liftoff instances analytically is challenging, even by applying the derived approximations. However, one can solve these transition equations numerically, and the resulting solutions are feasible owing to the one-dimensional and monotonic nature of the equations.
For the system depicted in Figure 3 , every trajectory which is mirrored about the vertical passing x = c/2 is symmetric. It can be shown that for a symmetric DS of lossless B-SLIP, the correction terms (30) and ( 
Characterization of approximation errors
In this section, we investigate the performance of the proposed approximations by quantifying the prediction errors. First, the predicted liftoff states by our approximations, both for the lossless and lossy SLIP models in DS, are compared to the "ground truth" data, obtained via numerical integration of the original B-SLIP model. Then, we consider a whole walking step and assess the associated errors, which are contributed by both SS and DS approximations.
Simulation setting and performance criteria
The "ground truth" data are obtained using a hybrid solver that we have developed in Python 2.7 using the standard available modules. The solver is equipped with a variable step size integrator that captures the switching between phases, governed by (56) and (57), precisely. This solver, together with the associated approximate maps, can be accessed online [32] .
The simulation covers a set of most feasible locomotion properties, by spanning five dimensions: the horizontal velocity at VLO (ẋ v ), the height at VLO (y v ), the legs stiffness (k 0 ), the "relative" touchdown angle (α rel ) 7 , and the damping ratio defined as ξ 0 := b 0 /(2 √ mk 0 ). Table 1 gives the variation domains of these initial conditions and system parameters. Without loss of generality, we set m = 80 kg and l rest = 1 m similarly to average human data, and we assume the vertical velocity at starting VLO (ẏ v ) is zero.
A simulation is considered valid if (i) the system accomplishes one complete step of walking, and (ii) it is possible for the system to further touch down for the next step. To satisfy the first condition, trials in which the CoM hits the ground or moves backward, or when the system completely leaves the ground (airborne phase), are not stored. Concerning the second condition, denote by E min the minimum amount of the mechanical energy at VLO required to make the next touchdown:
Then, the total energy at the starting VLO, E v , should satisfy the following property:
Parameter combinations resulting in E v that violate this property are excluded.
The total number of 70,117 runs satisfied the first condition, out of which 55,593 runs also satisfied the second condition.
To investigate the predictive performance, we use the following percentage error measures in different system states:
eṗ := 100
e E := 100
7 Similarly to [26] , the relative touchdown angle is defined as: α rel := α − αn, with αn being the neutral touchdown angle [33] resulting in a symmetric trajectory, for given initial state and system parameters. To analyze the liftoff prediction errors, we provide both methods with the touchdown states of the ground truth data as the initial conditions.
The mean, standard deviation and maximum values of the resulting normalized errors are listed in the left part of Table 2 . As can be seen, the liftoff states predicted by the PB approach are slightly more accurate than those of the UM approach. This can also be seen in Figure 5 , in which the sum of the mean position and velocity errors (e p + eṗ) are plotted with respect to the relative touchdown angle (α rel ). While the UM solution errors increase for larger negative α rel , the PB errors are almost uniform. Overall, both methods succeed in accurately approximating the dynamics of the original system for the purpose of control design. This will be demonstrated in the next section where controllers designed based on these approximations are presented.
Performance of the lossy double-stance map
In the presence of damping, the UM approach described in Section 3.1 is applicable. The corresponding numerical errors are reported in Table 2 and plotted with respect to the damping ratio in Figure 6 . The error measures slightly increase for high damping ratios. This can mainly be due to the additional simplification (26) that negatively affects the derivation of both angular position (28) and the energy losses due to torsional damping (35).
Performance of the whole walking step
We now consider the composition of SS and DS phases which form a complete walking step, and investigate the predictive performance using the UM method.
The corresponding normalized errors at VLO state are listed in the right part of Table 2 . Note that from a control design point of view, the magnitude of these errors are important since they reflect the accuracy of the so called VLO return map, which serves as the basis of the control policies presented in the next section.
The normalized position and velocity errors are depicted in Figure 7 with respect to the damping ratio. There is no considerable change in the prediction performance when damping is introduced, and the method effectively handles the presence of a rather large damping. As can be seen in Figure 7a , the predicted VLO positions are even slightly more accurate for higher damping ratios, owing to the resulting smaller leg compressions satisfying assumption (3). The dependence of the prediction errors on the maximum relative leg compression, defined as (r rest − r min )/r rest , is depicted in Figure 8 .
Application to gait synthesis

Controlled passive walking on the lossless SLIP model
In this section we present a control application utilizing the predictive power of the PB solution proposed in Section 3.2. We start by the observation that the total energy of the system is invariant to the touchdown angle, since we assume no physical meaning for the swing leg. As such, modulating the touchdown angle to induce desired behaviors still results in a passive system. The corresponding control policy can be written as: 
wheres v − is the reduced state vector at a Poincaré section taken at VLO (that is the state vector s excluding the horizontal position x),s * v + is the desired (reduced) state vector at the next return in Poincaré section, and P(·) is the associated return map built using the proposed PB solution. Note that we simply use the initial state as the desired state. Finally, the optimization (61) is run at each VLO to give the touchdown angle for the next step. For the investigated energy levels, the controlled system achieves a larger domain of stability compared to the uncontrolled SLIP. This is worthwhile since the controlled system does not require extensive numerical search for the proper touchdown angle a priori. However, for relatively high energy levels, especially when the initial height is close to the rest length, the presence of the considered controller does not yield noticeable improvements. Here it seems that the approximation error propagated in the control calculation is so that the system experiences undesired transitions to the flight phase, or prevents foot protraction. Nevertheless, selection of a different desired state for the mentioned domains can still grant stable walking for the controlled system, as revealed in our investigations.
Finally, Figure 9b compares the CoM trajectories of the uncontrolled and controlled SLIP, starting with the initial condition of example point A given
in Figure 9a . While the maximum number of steps that can be produced in the uncontrolled system occurs when the constant touchdown angle α = 76.1°i s used (14 steps), the controlled system produces stable walking. The control parameter, i.e., the varying touchdown angle, is depicted as well.
Energy-regulated walking on the lossy SLIP model
In this section, we demonstrate the utility of the UM approach (presented in Section 3.1) for the lossy B-SLIP through a control application. In the presence of non-negligible damping, it is clear that neither the uncontrolled SLIP nor the controlled passive SLIP (through modulation of the touchdown angle) can exhibit stable walking, due to the energy dissipation. Here, we devise a simple updating mechanism for the leg stiffness, relying on the proposed approximations, that regulates the system energy in a step-to-step manner.
Consider a walking step starting at VLO with the initial state vector s 0 = 0,ẋ v0 , y v0 , 0 T , and the associated total energy E v0 = 1/2mẋ
2 + mgy v0 . To compensate for damping losses, we update the magnitude of stiffness once per step at the so called "virtual" bottom, where the distance between the mass and the mid-stance of the feet is minimum. The choice of virtual bottom is motivated by the fact that it is indeed the real bottom of the axial spring in the corresponding AT-SLIP model. The amount of energy dissipated from the starting VLO till the virtual bottom can readily be computed.
For the rest of motion till the next VLO, however, we should predict the energy that will be dissipated. For that, we construct the map H(·) that maps the states at virtual bottom s b onto the states at the next VLO s v , i.e.,
Note that H(·) is the composition of two submaps: the virtual bottom to liftoff map in the DS phase and the liftoff to the next VLO map in the SS phase, which are constructed using the UM approximations. The total energy at the next VLO is then calculated using the predicted state s v as E v = 1/2m ẋ virtual bottom according to the following relation:
where l bf and l bh are the legs' length at virtual bottom.
We have applied this energy regulation mechanism to the SLIP model used in the previous section with the same settings but in the presence of damping (with the damping ratio taking various values: ξ 0 = {0.05, 0.1, 0.2, 0.4}). Figure 10 shows the resulting domain of initial conditions leading to stable walking, even in the presence of non-negligible damping. Different colors indicate the largest damping value the system can handle (see the figure caption for a detailed description).
As can be seen, using the simple updating mechanism proposed, it is possible to perform stable walking gait still in the presence of damping, with comparatively large domain of attraction. Notice that, here again, the controller does not yield good results for very high energy levels for the same reason discussed in the previous application. However, for relatively low energy levels, the proposed control policy significantly enlarges the domain of initial conditions leading to stable walking, compared to the lossless passive system whose results was depicted in Figure 9a .
Conclusion
Analytic approximations of the otherwise non-integrable double-stance dynamics of the dissipative Spring-loaded Inverted Pendulum model have been studied in this paper. We have taken two different approaches, one focusing on the inclusion of an explicit effect of damping (the UM method), while the other is intended to yield a closed-form solution (the PB method). At the core of both methods is the approximation of the original bipedal SLIP trajectories by those of an auxiliary system referred to as the Axial-Torsional SLIP. We derived a simple approximate mapping between the parameters of the two systems, which under certain conditions enables the AT-SLIP to accurately approximate the original SLIP in double-stance.
Assessed through a comprehensive numerical investigation, covering highly non-symmetric trajectories with considerable amounts of damping, both methods provided accurate approximations of the original system dynamics. Due to strong coupling in the SLIP equations of motion in double-stance, the study of these dynamics is significantly more complicated than the single-stance dynamics. However, we have achieved almost the same accuracy compared to the existing solutions to the single-stance dynamics. Furthermore, for the especial case of lossless SLIP model (with no damping), we presented two distinct methods, which yield almost the same predictive performance, indicating the feasibility of the approaches taken. As an additional demonstration, we presented control applications exploiting the predictive power of the proposed methods, which thanks to the simplicity resulted from the analytical nature of the solutions, are suitable for online implementations.
The analytical perspective taken in this study opens avenues for tailoring the existing models in understanding humans and animals gaits in biomechanics, and for enhancing online planning and control methods for legged locomotion with non-instantaneous double-stance phases in robotics. The presented method can intuitively be extended to model the three-dimensional B-SLIP system, which has recently attracted significant interest in the field of dynamic walking, by incorporating another torsional spring and damper. Currently, we are developing a framework to systematically designing control systems that exploit the presented results as target dynamics for real robotic walkers.
Appendix A. Parameters defined in the presentation of UM method in Section 3.1
Please see Table A .3 for the definition of the parameters used in the UM method. Also provided is the reference to the equation in which the defined parameter is used for the first time.
Appendix B. Details on derivations presented in Section 3.2
In this section, we present the time-domain solutions of u 0 and u 1 for two special cases: 
